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A STUDY ON THE DYNAMIC CHARACTERISTICS OF THE KOREAN 
YI-DYNASTY BELL TYPE STRUCTURE 

Suk Choo Chung*, Chang Duck Kong** and Young Ha Yum*** 

(Received May 29, 1987) 

The dynamic characteristics of the Korean Yi-dynasty bell type structure, including the acoustic effects, are analyzed both 
theoretically and experimentally. The numerical solutions of natural frequencies and mode shape for membrane and flexural 
behavior are obtained by using the NASTRAN program for the finite element method with plate shell elements of triangular and 
quadrilateral types. 'rest bells, A and B types similar to the Kap-Sa bell in Kong-Ju chosen among typical Korean Yi-dynasty bells, 
are manufactured on different scales to the original bell. To consider the effects of the variation of the structural dimension on the 
dynamic response, these bells are analyzed with respect to the variation of the thickness of the wall and the bottom rim and the 
asymmetric Dang-Jwas. The impact method with the Fast Fourier Transform Analyzer is adopted to experimentally assess the 
dynamic response. Results are in good agreement with the numerical solutions. 
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: Nodal points( i= 1,2,3,4) 
: Stiffness matr ix  
: Mass matr ix  
: Generalized coordinates ( i= 1,2,3,4,5,6) 
: Displacement local coordinate system 
: Material  coordinate system 
: Local coordinate system 
: Global coordinate system 
: Angles between local coordinate and diago- 

nal line of quadrilateral  elements 
: Rotation components 
: Material  coordinate rotations 

1. I N T R O D U C T I O N  

In 1884, a study on the vibration of the bells was attempted 
under the assumption that the low natural frequencies of 
shells depend mostly on the flexural energy.(Rayleigh, 1884) 

Around the late 1920's and the early 1930's, European bells 
were studied by Jones and Curtiss, and Japanese bells were 
studied by Aoki and Yamashita. In these studies they primar- 
ily investigated the acoustic phenomena by variation of the 
geometry of the bell. {Jones, 1928, Curtiss, 1935, Yamashita & 
Aoki, 1932, 1934) 

In 1970, an experimental thesis of Komatsuzawa offered 
data for the design and corrections of the beat frequencies 
and lingering sound of the Japanese bell. (Komatsuzawa, 
1970) 
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The above-mentioned studies, however, cannot directly by 

used for the dynamic analysis of the Korean bell because of 
the following characteristics : 
(1) The vibration style of the Korean Yi-dynasty bell is quite 
different from the European chime bell. 

The important sound of the former is the lingering sound, 
which consists of the fundamental frequencies, but the impor- 
tant sound of the latter is the percussion sound. 
(2) Japanese bells are similar to Korean bells with respect to 
the vibration style, but the configuration of Japanese bells is 
slightly different from the Korean bells. For instance, 
Japanese bells have simple spherical heads and cylindrical 
bodies, and Korean bells have complicated curved and asym- 
metric heads and non-cylindrical bodies.(Yum, Lee and 
Kwak, 1980) 

Therefore, it is very difficult to analyze detail for the 
dynamic response of the Korean bell by the analytical 
method. 

Recently, Professor Young Ha Yum and his students stud- 
ied the vibration analysis of the Korean Yi-dynasty bells, but 
they employed the approximating theory, in which the bell 
structure is treated as a simple sphere, cylinder, cone, or any 
combination of these shapes. (Yum, et a1,1980 ; Yum, Kwak 
and Chung, 1982 ; Yum, et a1,1981) 

To overcome the above-mentioned difficulties and charac- 
teristics for the dynamic analysis of the Korean bell, this 
study uses the Finite Element Method(F.E.M) with plate-shell 
elements of tr iangular and quadrilateral types, which have 
both flexural and extention energies. {NASA, 1980, Bath, et 
al, 1976) 

The computer program used is NASTRAN of the general 
structural analysis program. {NASA, 1980) 

The Impact Method with the Fast  Fourier Transformation 
Analyzer, which is an experimental method, was adopted to 
verify theoretical solutions.(Yum, et a1,1980, Yum, et a1,1981, 
Yum, Kwak and Chung,1982) 

Reasonable agreements between the computed and experi- 
mental results were achieved. 
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Coordinate system of plate-shell finite element 
(a) Triangular  element 
(b) Quadrilateral  element 

2. N U M E R I C A L  M E T H O D  

To analyze the dynamic behavior of the Korean bell with 
an asymmetric and complicated curved shape, the finite 
element method, which is the best method to t reat  numeri- 
cally, is used. 

The element types used are tr iangular and quadrilateral 
elements with bending and membrane characteristics. 

The coordinate system is shown in Fig. 1. 
Triangular  plate-shell elements have both membrane stiff- 

ness and bending stiffness to be included in transverse shear 
flexibility. 

Anisotropic material  properties may be employed in all 
elements. 

The inplane and bending displacements at the corners of 
the element are represented by the vector 

{u} : [ u,,v,,w,,a[ 3; ,  u2,v2,w2,a~,#~, u2,v3,w3,a'~,#~] ~ (1) 

where inplane displacements, u and v, are components of 
displacements parallel  to the x and y axes of the element 
coordinate system, bending deflection, w, is normal to the x- 
y plane, and a and # are the rotations of the normal to the 
element which follow the right-hand rule. 

Displacement vector { u*} can be expressed by the follow- 
ing equations : 

u = q l + q 2 x + q 3 y  (2) 
v = q , + q s x + q 6 y  (3) 
w : rxx 4- ryy + q~x 2 + q2xy + qay 2 + q,x 3 + qsxy 2 + q,y3 

(4) 
a" = q2x -- 2q3y + 2qsxy + 3qsy 2 (5) 

-13' = 2qlx + q2y - 3q,x 2 + qsy 2 (6) 

rx = ~ - x + #  ' (7) 

aw 
r , = ~ - - a '  (81 

where rx and ry are transverse shear strains and ql,q2,...qe 
may be regarded as generalized coordinates. 

The quadrilateral  element uses two sets of overlapping 
tr iangular elements. 

For  each triangle, the x-axis  lies along a diagonal so that 
internal consistency of displacements and rotations of adja- 
cent triangles is assured. 

Each triangle has one-half of the bending stiffness assigned 
to the quadrilateral,  

The variat ional  principle may be applied to obtain the 
following relations. 

311 = O = S (  U +  Ue) - 3 T  = fA{ue}r[K]S {u~}dA 
- /A{ ii*}r[M]3 {u*}dA (9) 

The generalized governing equation of the dynamic system 
becomes : 

[M ]{ ii} + [ C]{ u} + [ K]{ u}= {P( t) } (10) 

where [M], [C] and [K] are mass, damping and stiffness- 
matrices, respectively, and { u} and {P(t) } are the displace- 
ment vector and the applied generalized force vector, respec- 
tively 

It is the dynamic characteristics of the Korean bell that the 
sound depends mostly on the first to the third fundamental 
frequencies which make up the lingering sound. 

Thus, the equation of motion becomes. 

[M]{//} + [K]{u} =0 (I1) 

To have a non-trivial solution, a general solution of such an 
equation is written as 

{ u} = { ge '~ } (12) 

where ~2 and co are amplitude vector and natural frequency, 
respectively. Substituting Eq. (12) into Eq. ( l l )  yields 

[K]{ ~ } -  <v2[M ]{ ~} =O (13) 

or 

( [ K ] -  A [M]) { 4} = 0 (14) 

where ~t=co 2 are eigen values and {~2} are corresponding 
eigen vectors. 

The method used in this analysis is the Inverse Power 
Method(IPM). The IPM is particularly effective for problems 
that are formulated by the displacement approach when only 
a fraction of all eigenvalues are required, and is also a 
powerful method for refining the accuracy of eigenvalues and 
eigen vectors. 

The algorithm of the IPM has basically an iteration tech- 
nique, and it can be explained by the following equation : 

L e t  A = A o + A  (15) 
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Model B, Korean bell Fig. 2 

where A0 is called the shift point. 
The iteration algorithm is:  

(IKI-Ao[M]) {w,} = [M] { z~, - 1} 
1 {u.}=~-{w~} 

{w~} = ([K]-Ao[M])-~[M]{ u . -  1} 

(16) 

(17) 

(18) 

where Cn is equal to the value of the element of {wn} with the 
largest absolute value. It is easy to prove that 1/Cn converges 
to A, the shifted eigenvalue nearest to the shift point, and that 
{un} converges to the corresponding eigenvector. 

3. EXPLANATIONS AND ASSUMPTIONS 
OF THE EXAMPLE 

3.1 Numerical  Analysis  
The analyzed models are model 'A' and model 'B', which 

are cast from bell bronze(Cu 83.4% and Sn 15.6%) and are 
scaled down 1/2.5 times from the Kap-Sa bell in Kong-Ju, 
which is considered the typical Korean Yi-dynasty bell. 

To obtain the effect of wall thickness, model 'A ' ( tave= 
10mm) is slightly thicker than model '13' ( tave=6mm). 

Model 'B' is shown is Fig. 2. 
Assumptions are as follows : 
(1) The analyzed models are analized within the elastic 

limit. 
(2) Temperature effects are not considered, for the tem- 

perature variations are small since the bells are usually used 
at atmospheric temperature. 

(3) The hanging point of bells is fixed in 6 degrees of 
freedom, but all other points are free. 

(4) The Yong-Doo which is attached at the top of each or 
the bell is ignored to avoid the analysis difficuties. 

The mesh generation is optimized to be close to the original 
bell shape and to minimize the computing time. The optimiz- 
ing technique of the mesh generation is the adjustment of the 
size of the elements, the difference of element number, nodal 
number, etc. As a result of mesh generation, the total number 
of elements is 192 with twelve elements in the circumferential 
direction and 16 elements in the meridional direction. 

The mechanical properties of the bell-casting bronze are 
shown in Table 1. 

To investigate the effects of the wall, the rim of the bell, 
and Dang-Jwas, the analysis procedures are as follows. 

( i ) The analysis of the two bell modes which have differ- 
ent wall thicknesses. 

( i i)  The analysis of the effects of the rim thickness. 
(iii) The analysis of the asymmetric effects due to the 

Dang-Jwas. The analyzed results are shown in section 4. 

3.2 Experiment 
The purpose of the experimental work is to verify the 

Table 1 Mechanical properties of the test bell. 

Material  
type 

Bronze 

Young's 
modulus 

(kg/mm 2) 

9.03 x 103 

Poisson's 
ratio 

0.34 

Weight 
density 

(kg/mm 3) 

8.6 x 10 -6 

Tensile 
strength 

(kg/mm 2) 

4.479 

Impact 
value 

( k g - m )  

11.76 

Hardness 

HRB t HBN 
72.8 102 

Table 2 Comparison of natural frequencies for model 'B' results of FEM and experiment. 

Mode No. 

Flexural  Extension F.E.M. 
1 255.8386 

2 606.1680 

3 911.2571 

1 1030.215 

4 1098.675 

5 1180.026 

6 1268.436 

7 1327.726 

Natural  frequencies(Hz) 

Experiment Deviation 
Mode shape 

225.0000 12(%) 4-0 

637.5000 4.9(%) 6-0 

1002.500 9.1(%) 8-0 
2-1 

1138.000 3.4(%) 6-1 

1257.000 6.1(%) 10-0 
4-2 

1387.000 4.3(%) 8-1 
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~ vibrotion 

Fig. 4 Instrumentation schematic diagram for natural fre- 
quencies and mode test 

Fig. 3 Test set up 

validity of the computational results described in the previous 
section. 

The experiments are carried out on two bell modes which 
are cast from bell bronze by the sweep moulding technique 
and are scaled down 1/2.5 times of the Kap-Sa bell. 

The aim of this first experiment is to analyze the free 
vibration and their corresponding modes of model %'  and 
model 'B'. The effects of the rim and Dang-Jwas do not need 
to be taken into consideration in this experiment. Fig. 3 and 
Fig. 4 show the experiment set-up for the impulse excitation 
of the specimen. Instruments used in this experiment are and 
impulse hammer (PCB Piezotronics), an F F T  analyzer (ONO 
Sokki, CF-500), a micro accelerometer(ONO Sokki NP-501S), 
an X-Y recorder(ONO Sokki, CX-446), and a charge 
amplifier(Piezo Electronic Co.). The experimental results will 

be shown in the next section. 

4. RESULTS AND DISCUSSIONS 

(1) To verify accuracy, a comparison of the theoretical 
solutions and experimental results of the natural frequencies 
and their modes of the model 'B' bell is shown in Table 2. 
Mode shapes are defined as 4-0, 8-0 and so on where, for 
instance, '4' means circumferential mode shape and '0' means 
the longitudinal mode shape. 

Figure 5 and Fig. 6 are three dimensional mode shapes and 
two dimensional mode shapes, respectively, of the model 'B' 
bell by the theoretical solutions. 

Figure 7 shows the variation of the amplitudes with respect 
to time for natural frequencies of model 'B', and Fig. 8 depicts 
the two dimensional mode shapes of model 'B' bell by the 
experimental results. 

Comparison of computed natural frequencies with corre- 
sponding experimental values shows that, for the model 'B' 

Table 3 Com 

Flexural  

Mode No. 

mrison of natural frequencies for model 'A' and model 'B', results of F.E.M. and experiment 

FEM 

392. 

Natural  frequencies(Hz) 

Model 'A'  

exper- 
iment. 

devia- 
tion.(%) 

FEM 

Model 'B' 

exper- 
iment. 

devia- 
tion.(%) 

FEM 

Increment(Hz) 

Mode shape 
exper- devia- 
iment, tion.(%) 

125. 8.20 

288. 7.60 

223. 42.0 

350. 10,7 256. 225. 12.0 136. 4-0 

2 917. 925. 0,9 606. 638. 4.9 311. 6-0 

3 1301 1225 5,9 911. 1003 9.1 390. 8-0 

Table 4 Variation of natural frequencies by varying the rim thickness of model 'B' 

Original Increase Decrease 
Flexural  mode No. shape thickness thickness Mode 

(Hz) (Hz)( + 5mm) (Hz)( -  5mm) shape 

1 255.8386 283.4888 236.0185 4-0 

2 606.1680 663.7341 560.4336 6-0 

Table 5 Variation of natural frequencies and beat frequencies by the effect of Dang-Jwas. 

i Low 
High 

Low 

High 

Without 
Dang-Jwas 

(Hz) 

255.839 

606.168 

4 Dong-Jwas 
(180 equi-space) 

Natural  Beat 
frequencies frequencies 

(Hz) (Hz) 

255.706 [ 
255.845 ~, 0.173 

605.800 

606,823 
1.027 

4 Dang-Jwas 
(90 equi-space) 

Natural  
frequencies 

(Hz) 
255.743 

255.909 

Beat 
frequencies 

(Hz) 

0.166 

606.458 

606.458 
0. 

Mode shape 

4-0 

6-0 
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Fig. 5 3 dimensional mode shapes of Model B without asymmetric effect 
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Fig. 6 Circumferential and longitudinal mode shapes Model B without asymmetric effect for F.E.M. results 

bell, average deviation is 6.6 percent. The most important 
reason for this kind of deviation is casting defects which 
cause the actual values of the bell dimension not to be the 
same as the designed values. 

From the experimental results(Fig. 7), the first and the 
second flexural mode shapes(4-0 and 6-0) have longer dura- 
tions of variations than the other mode shapes. Therefore the 
lingering sound, which is the specific characterist ics of the 
Korean Yi-dynasty bell, depends mostly on these two flexural 
vibration mode shapes. 

(2) Comparisons of the natural frequencies and their corre- 
sponding modes between model 'A' and model 'B' by FEM 
and experiment are shown in Table 3. 

For the model 'A'  bell, the average deviation is 5.9 percent, 
similar to that of the model 'B' bell from Table 3, it can be 
seen that the or a thicker wall not only has higher natural 
frequencies for corresponding flexural mode shapes, but also 
a larger size of increments of frequencies with the increment 
of the mode number. 

Therefore, if a designer wants to have a higher frequency 
bell, it can be done by designing a thicker wall. 

(3) Table 4 shows the increase or the decrease of natural 
frequencies by increasing(+ 5mm) or decreasing ( -5mm)  the 
rim thickness for model 'B' bell by FEM. 

Fig. 7 Variat ion of the amplitudes vs time for natural 
frequencies Model B 

From the above results, it is found that the thicker rim has 
the higher frequency and vice versa. Therefore, a designer 
can easily adjust the frequencies by adjusting the thickness of 
the rim, even after casting the bell. 

(4) Table 5 shows the natural frequencies and beat  fre- 
quencies produced by the asymmetric effect of the Dang-Jwas 
which is the striking point of the bell. 

From the above results, it is found that Dang-Jwas produce 
the beat phenomena, with two Dang-Jwas(180 equi-space) 
having bigger beats than four Dang-Jwas(90 equi-space). 
Therefore, a designer can adjust the beat by increasing or 
decreasing the number of Dang-Jwas. 

5. CONCLUSION 

In this study, the dynamic behaviors of the Korean Yi- 
dynasty bells were studied and following were concluded : 
(1) The vibration style of Korean Yi-dynasty bells depends 
mostly on the first to third fundamental frequencies of flexur- 
al modes, which make up the lingering sound. 
(2) The bell with the thicker wall not only has higher natural 
frequencies, but also has larger sizes of increment of fre- 
quencies. 

These mode shape characteristics result in a longer life 
expendency. 
(3) The bell with the thicker rim also has higher natural 
frequencies. Therefore, after manufacturing, natural fre- 
quencies can be adjusted easily by reducing the thickness of 
the rim without large damage. 
(4) Asymmetric effects, such as Dang-Jwas, was seen to 
produce the beat phenomena. 
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